In this article, we study the periodic solution of a quasilinear parabolic equation with nonlocal terms and Neumann boundary conditions. By using the theory of Leray-Schauder degree, we obtain the existence of a nontrivial nonnegative time periodic solution.
Introduction
The aim of this work is to consider the following periodic problem for a quasilinear parabolic equation: where is a bounded domain in R n with smooth boundary ∂ ,
∂ ∂n
denotes the outward normal derivative on ∂ , Q T = ×(, T), a ij satisfies some suitable smoothness and structure conditions. This model can be used to describe the models for some interesting phenomena in mathematical biology, fisheries and wildlife management. The function u (x, t) gives the number of individuals (per unit area) of the species at position x and time t, where x represents the spatial variable and t represents the time. The term D i (a ij (x, t, u)D j u) models a tendency to avoid high density in the habitat, m -[u] describes the ways in which a given population grows and shrinks over time, as controlled by birth, death, emigration or immigration, and the Neumann boundary condition models the trend of the biology population who survive on the boundary.
In last decades, linear parabolic equations with nonlocal terms have been investigated by numerous researchers [-]. A typical model was submitted by Allegretto and Nistri [] and they proposed the following equation: 
where m > . By the parabolic regularized method and the theory of Leray-Schauder degree, they established the existence of nontrivial nonnegative periodic solutions. Inspired by the work of [], we consider the periodic solutions of the Neumann boundary value problem of a quasilinear parabolic equation with nonlocal terms. Compared with the Dirichlet boundary condition, the Neumann boundary condition causes an additional difficulty in establishing some a priori estimates. On the other hand, different from the cases of the Dirichlet boundary condition, an auxiliary problem for (.)-(.) is considered for using the theory of Leray-Schauder degree. We prove that this problem (.)-(.) admits a nontrivial nonnegative periodic solution, that is, the following theorem.
The article is organized in the following way. In Section , we give some necessary preliminaries including the auxiliary problem. In Section , we establish some necessary a priori estimations of the solutions of the auxiliary problem. Then we show the proof of the main result of this paper.
Preliminaries
In the paper, we assume that
where C T (Q T ) is the class of functions which are continuous in × R and T-periodic with respect to t. Furthermore, a ij (·, ·, u) is continuous with respect to u.
where C is a positive constant independent of u,
where λ  is the first eigenvalue of the Laplacian equation on ω with zero boundary and φ  (x) is the corresponding eigenfunction. Since the regularity follows from a quite standard approach, we focus on the discussion of weak solutions in the following sense.
Definition  A function u is said to be a weak solution of problem (
In order to use the theory of Leray-Schauder degree, we introduce a map by considering the following auxiliary problem:
where ε is a sufficiently small positive constant, τ ∈ [, ] is a parameter and f ∈ C T (Q T ). Then we can define a map 
Lemma  If a nontrivial function u
In the following, we will show some a priori estimates for the upper bound of a nonnegative periodic solution of problem (.)-(.). Here and below, we denote by
where u(t) = u(·, t).
Proof Multiplying (.) by u m+ (m ≥ ) and integrating over , we have
, and hence
where C i (i = , ) are positive constants independent of u and m. Assume that u(t) ∞ =  and set
For convenience, we denote by C a positive constant independent of k and m, which may take different values. From (.), we obtain
By using the Gagliardo-Nirenberg inequality, we have
By inequalities (.), (.) and the fact that u k (t)  = u k- (t)   , we obtain the following differential inequality:
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(  .  ) By Young's inequality,
then we obtain
Here we have used the fact that p = l k > r >  for some r independent of k. In fact, it is easy to verify that
and combining (.) with (.), we have
From the periodicity of u k (t), we know that there exists t  at which u k (t)  reaches its maximum and thus the left-hand side of (.) vanishes. Then we obtain
where
Therefore, we conclude that
and α k are bounded, we get
where A >  is a positive constant independent of k. Then we have
Letting k → ∞, we obtain
Now, we just need to show the estimate of u(t)  . Multiplying (.) by u and integrating by parts over Q T , by the periodicity of u, we have
which implies that
where C is a positive independent of λ. By Young's inequality, we have
Combining with the above inequality, we have
which together with (.) implies (.), and thus the proof is complete.
Corollary  There exists a positive constant R independent of ε such that
deg I -G , m -[u ε ] u + ε , B R ,  = ,
where B R is a ball centered at the origin with radius R in L ∞ (Q T ).
Proof It follows from Lemma  that there exists a positive constant R independent of λ, ε such that
So, the degree is well defined on B R . From the homotopy invariance of the Leray-Schauder degree and the existence and uniqueness of the solution of G(, ), we can see that
The proof is completed.
Lemma  There exist constants r  >  and ε >  such that for any r < r  ,
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Proof By contradiction, let u be a nontrivial fixed point of
By the periodicity of u, the first term on the left-hand side is zero. The second term on the left-hand side can be rewritten as
The third term of the left-hand side of equation (.) can be rewritten as
Then from (.), we obtain
From assumption (A), we can see that
Since τ ∈ [, ], we have
By an approaching process, we choose φ = φ  , where φ  is the eigenvector of the first eigenvalue λ  in (A), and then we obtain
From assumption (A), we can see that
holds for any sufficiently small r and ε, which is a contradiction to assumption (A). The proof is complete.
Corollary  There exists a small positive constant r < R which is independent of ε, τ such that 
